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Abstract 

The paper is devoted to the study of the essential spectrum of discrete 
Schrodinger operators on the lattice 1^ by means of the limit operators 
method. This method has been applied by one of the authors to describe 
the essential spectrum of (continuous) electromagnetic Schrodinger opera- 
tors, square-root Klein-Gordon operators, and Dirac operators under quite 
weak assumptions on the behavior of the magnetic and electric potential 
at infinity. The present paper is aimed to illustrate the applicability and 
efficiency of the limit operators method to discrete problems as well. 

We consider the following classes of the discrete Schrodinger operators: 
1) operators with slowly oscillating at infinity potentials, 2) operators with 
periodic and semi-periodic potentials; 3) Schrodinger operators which are 
discrete quantum analogs of the acoustic propagators for waveguides; 4) 
operators with potentials having an infinite set of discontinuities; and 
5) three-particle Schrodinger operators which describe the motion of two 
particles around a heavy nuclei on the lattice 1? . 

1 Introduction 

The present paper deals with applications of the limit operators method to the 
description of the essential spectrum of several classes of discrete Schrodinger 
operators. In this method has been applied to study the location of the 
essential spectrum of electromagnetic Schrodinger operators, square-root Klein- 
Gordon operators, and Dirac operators under very weak assumptions on the 
behavior of magnetic and electric potentials at infinity. One remarkable outcome 
of this approach is a simple and transparent proof of the well known Hunziker, 
van Winter, Zjislin (HWZ) theorem on the location of the essential spectrum of 
multi-particle Hamiltonians (@]). 

Roughly speaking, the limit operators approach of ^H] works as follows. 
The study of the essential spectrum of an unbounded operator is reduced to the 
study of the essential spectrum of a related bounded operator which belongs 
to a certain Banach algebra B. To each operator A E B, there is associated 
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a family {Ah} of operators, called the limit operators of A, which reflect the 
behaviour of the operator A at infinity. Based on results of |20[I21| . it is shown 
in [TBI that 

SPessiA) =\Jsp{Ah) (1) 

where the union is taken over all limit operators Ah of A. In general, the limit 
operators of a given operator have a simpler structure than the operator itself. 
Hence, in many instances, provides an effective tool for the description of 
the essential spectrum of operators in B. An identity similar to |^ holds for 
operators in the Wiener algebra on (see below) . 

A formula similar to |^ has been obtained independently (but later) in the 
recent paper ,12, by using a localization technique and an appropriate parti- 
tion of unit on a Hilbert space, and in |31 El El (see also the references 
cited therein) by means of C*-algebra techniques. Note that the methods used 
in [3 Ul I12L [Tl] are restricted to the description of the essential spectrum 
of selfadjoint or normal operators acting on a Hilbert space whereas the limit 
operators approach which will be discussed below works for non-selfadjoint op- 
erators acting on i-P-type spaces, for example for Schrodinger operators with 
complex potentials on L^'-spaces, as well. 

In this paper, we consider discrete electromagnetic Schrodinger operators of 
the form 

^ 1 

= E ^ (^^^ - {V-e,-akI)u + (2) 
fe=i 

on the lattice Z^. Here, {Vgu){x) := u{x — 5), x G Z^, is the operator of shift 
hy g € Z^, the ej are the vectors (0, . . . , 1, . . . , 0) with the 1 standing at the 
jth position, ruk is the mass of the kth particle, and the Ok, k = I, . . . , N and 
$ are bounded complex- valued functions on Z^. The vector- valued function 
a = (ai, . . . , Cat) can be considered as an analogue of the magnetic potential, 
whereas $ is the discrete analogue of the electric potential. If $ is real-valued, 
then H is a selfadjoint operator on the Hilbert space P{Z^). 

Operators of the form Q describe the so-called tight binding model in solid 
state physics (see j^l ^1 and the references given there) , which plays a promi- 
nent role in the theory of propagation of spin waves and of waves in quasi- 
crystals , in the theory of nonlinear integrable lattices j^ll E] , and in 

other places. There is an extensive bibliography devoted to diff'erent aspects 
of the spectral theory of discrete Schrodinger operators. Let us only mention 
0^2I2l24, 12 , 25, 28^, and see also the references cited in these papers. 

The present paper is organized as follows. In Section 2, we recall some 
auxiliary material concerning the Wiener algebra of discrete operators on Z^ 
and the limit operators method. Our presentation will follow the papers [201121) . 
A comprehensive account of this material can be found in 22 . In Section 3, we 
give applications of the limit operators method to the description of the essential 
spectrum of the discrete Schrodinger operator Q under different assumptions 
on the behavior of magnetic and electric potentials at infinity. In particular, we 
are going to describe the essential spectra for the following classes of potentials. 
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1) Slowly oscillating at infinity potentials. This class of potentials is remark- 
able, since the limit operators of Schrodinger operators with slowly oscillating 
potentials are unitarily equivalent to operators of the form 

^ 1 

fc=i " 

where is constant and is the discrete Laplacian 21 — Ve^ — V-e^ with 
respect to the variable Xk € Z. 

2) Periodic and semi-periodic potentials. For periodic operators, the essential 
spectrum coincides with the spectrum. There exists a matrix realization of |(2Jl 
which allows one to describe the spectrum explicitly. We prove that the limit 
operators for Schrodinger operators with semi-periodic potentials are periodic 
operators. Another approach to one-dimensional periodic Jacobi operators is 
given in |25j . 

3) Quantum waveguides. We consider the discrete Schrodinger operator H = 

+ which is a discrete quantum analog of the acoustic propagator 
for waveguides (see [2HII221)- The limiting absorption principle as well as the 
scattering theory for the discrete acoustic propagator are considered in '17' . 

4) Potentials with an infinite set of discontinuities. We study the one-dimen- 
sional Schrodinger operator with electric potential <& which takes two real values 
a and b and which has a countable set of discontinuities. More precisely, $ is 
equal to a on A = U^q{2: G Z : 7^7 < |a;| < 7^!"} and equal to & on R \ A where 

hm 7^ = hm 7+ hm (7+ - 7^) = hm (7^ - 7+_J +00. (4) 

k — 'oo k — >oo k — >oo k — >oo 

We prove that spess (A -I- $/) = [a, a -I- 4] U [b, 6 -I- 4] in this case. 

5) We consider the three-particle Schrodinger operator H on P(Z®) which 
describes the motion of two particles x^, x'^ £ 1? with masses mi, m2 on the 
lattice 1? around a heavy nuclei located at the point 0. We prove that 

spe.. {H) = sp (Hi) U sp {H2) U sp {H12), (5) 

where j = 1, 2 is the Hamiltonian of the subsystem consisting of the particle 
x-' and the nuclei, and where H12 is the Hamiltonian of the subsystem consisting 
of x^ and x^. We further apply © to estimate the lower and upper bound of the 
essential spectrum of the three-particle Hamiltonian. Compare also the papers 
devoted to spectral properties of three-particle problems in the impulse 
representation. 



2 Auxiliary material 

2.1 Predholm theory and essential spectrum of operators 
in the Wiener algebra 

We will use the following notations. For each Banach space X, let L{X) denote 
the Banach algebra of all bounded linear operators acting on X and K{X) the 
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ideal of L{X) of all compact operators. An operator A G L{X) is called a 
Fredholm operator if ker^l :— {x G X : Ax = 0} and coker A := X/A{X) are 
finite dimensional spaces. The essential spectrum of A consists of all complex 
numbers A for which the operator A — XI : X ^ X is not Fredholm. We 
denote the spectrum and the essential spectrum of A G L{X) by sp (^l-'^) and 
spess respectively. If the dependence of these spectra on X is evident, 

we simply write sp (A) and spess {A) for the spectrum and the essential spectum 
of A. The discrete spectrum of A, denoted by spdis (^l-''^) or spdis (^), is the 
set of all isolated eigenvalues of finite multiplicity of A. Note that 

Spd^s iA\X) C sp {A\X) \ SPess {A\X) 

and that equality holds in this inclusion if A is self-adjoint. Moreover, if 13 C 
<C\spess (^) is a domain which contains at least one point which is not in sp{A), 
then 

sp {A)nD = spdis {A) n D 

(Corollary 8.4 in Chapter XI of ;S;). 

For p G [1, oo) and N a positive integer, let Vilj^) denote the Banach space 
of all functions u : C for which the norm 

is finite, and let 1°°{'Z^) refer to the C*-algebra of all bounded complex- valued 
functions on Z^ with norm 

||a||;^(zjv) sup |a(a;)|. 

The following results hold for operators on P-spaces of vector-valued sequences 
and (with modifications) for operators on Z^'-spaces of sequences with values in 
an arbitrary Banach space as well. We will not need these results here and refer 
the monograph [221 for details. 

Let {octj^gzw be a sequence of functions in Z°°(Z^). Consider the difference 
operator 

iAu){x) aa{x){Vau){x), x G Z^, (6) 

which is well defined for compactly supported functions u. We let W(lJ^) stand 
for the class of all operators of the form ^ which satisfy 

ll-4||vi/(z") := Yj < oo- (7) 

The set VF(Z^) provided with standard operations and with the norm lO forms 
a Banach algebra, the so-called Wiener algebra on Z^. It is easy to see that 
this algebra is continuously embedded into L{p{l/^)) for each p G [1, oo]. 
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Proposition 1 Let p G [1, cxd]. The Wiener algebra W{1^) is inverse closed 
in each of the algebras L{Ip{'Z^)), that is, if A W{1i^) possesses a bounded 
inverse A'^ on then A-^ e VF(Z^). 

Proposition 2 Let A e W{Z^). Then the spectrum sp {A\Ip {Z^ )) does not 
depend on p E [1, cxd]. 

The following definition introduces our main tool to describe the essential spec- 
tra of operators in the Wiener algebra. 

Definition 3 Let p £ (1, oo), and let h : N ^ be a sequence tending 
to infinity. An operator Ah G L{IP{Z^)) is called the limit operator of A G 
L{IP{Z^)) defined by the sequence h if the strong limits on P(Z^) 

Ah = s-]mij^^V^h[j)AVh[j), A*h = s-]mij^ooV-h{j)A*Vh{j) 

exist. We write op(A|Zf (Z^)) or simply op{A) for the set of all limit operators 
of A, and we call this set the operator spectrum of A. 

Let the sequence : N tend to infinity, and let A G W{Z^) be as in ©. 

Then 

{V~hU)AVh(^^u){x) ^ X! o.a{x + h{j)){Vau){x). 

Applying the Weierstrass-Bolzano theorem and a Cantor diagonal process, one 
gets a subsequence g of h such that, for every a G Z^, there is a function 
with 

ac.{x + g{j))^ai{x), x e . 

Moreover, 

IKIIi~(z") < (8) 

Set 

A, J2 

It follows from (jHJ that Ag belongs to the Wiener algebra W{Z^) again, and it 
has been proved in 120] that Ag is indeed the limit operator of A defined by the 
sequence g. 

Proposition 4 The operator spectrum op{A\lP{Z^)) does not depend on p G 
(1, oo) forAe W{Z^). 

Theorem 5 Lei A G VK(Z^) and p G (1, oo). Then A : /p(Z^) ^ P(Z^) is 
a Fredholm operator if and only if there exists a po G [1, oo] such that all limit 
operators of A are invertible on IP°{Z^). 

In particular this shows that the invertibility of all limit operators of A on 
IP°(Z^) for some po implies their invertibility on P{Z^) for every p. 
The following theorem is an important corollary of Theorem |S1 
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Theorem 6 Let A e Ty(Z^). Then, for every p G (1, oo), 

spes. {A\F iZ^))= U sp(Ag|P(Z^)). (9) 

Ageop{A\lP(Z")) 

According to Propositions [3 and 0] neither the spectra sp {Ag\F {Z^ )) nor the 
operator spectrum op {A\Ip{Z'^)) do depend onp G (1, oo). Hence, the foUowing 
holds. 

Theorem 7 Let A G W{Z^). Then the essential spectrum of the operator A, 
considered as acting on F{Z^), does not depend on p G (1, oo). 

This theorem and the above remarks justify to write the equahty @ simply as 

SPess{A)= U Sp{Ag). (10) 

Ageop (A) 

The following proposition gives a sufficient condition for the absence of the 
discrete spectrum of an operator A in the Wiener algebra. 

Proposition 8 Let A e W{Z^), and assume there exist a sequence h oo 
and an operator Ah such that 

lim \\V_hU)AVh^j) - M\ ^ 0- (11) 

Then spess {A) = sp {A) . 

Proof. Let A ^ spess {A). Then ^ — AJ is a Fredholm operator. By Theorem 
|S1 all limit operators Ah — XI are invertible. Hence, X ^ sp {Ah) for every limit 
operator Ah- It follows from that A ^ sp{A). Hence, sp{A) C spess (A). 
■ 

2.2 Slowly oscillating coefficients 

A function a G 1°^{Z^) is said to be slowly oscillating at infinity if 

lim {a{x + y) — a(a;)) — 

X — *oo 

for every y G Z^. We denote the class of all slowly oscillating matrix- functions 
by SO{Z^). If a is slowly oscillating then, for every sequence h ^ oo, there are 
a subsequence g oi h and a complex number such that 

lim a{x + g{j)) = lim a{g{j)) = 

for each a; G (see E3). Thus, every limit function of a slowly oscillating 
function is constant. We write W^'^{Z^) for the subalgebra of W{Z^) which 
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contains all operators with slowly oscillating coefficients. If A £ W^'-'{7j^), 
then all limit operators of A have the form 

A3 := ^ a^K, withas eC, (12) 



i.e., they are operators with constant diagonals. 

For a complex- valued function u on with compact support, we define 
their discrete Fourier transform Fu = u by 

u{t) = [Fum — L_ J2 u{x)t-\ t e T^, 



where T is the unit circle on the complex plane, considered as a multiplicative 
group, := T X . . . X T is the iV-dimensional torus, and := tf . . .f^ for 
t e and X e Z^. Further, let 

1 dti . . .dt^ 



d^i{t) 



be the normalized Haar measure on T^. Then the inverse Fourier transform is 
given by 

u{x)^{F-^u){x):^ [ uit)^^ dfi{t), xeZ^. 

Moreover, the Fourier transform extends continuously to a unitary operator 
F : /2(Z^) L'^{T^, d/i) which has F-^ as its adjoint. 

The discrete Fourier transform establishes a unitary equivalence between the 
operator A^ in H12|l and the operator of multiplication by the function 

is : ^ C, t>-> J2 

In combination with (|10() , this yields the following. 
Theorem 9 Let A e T/F'5°(Z^). Then 

spessiA)^ y sp{A,)^ y \J{A<^{t)}. 

AgGopiA) AgGop(A)teT" 

2.3 Almost-periodic, r-periodic, and semi-periodic coeffi- 
cients 

A function a G Z°°(Z^) is said to be almost-periodic if, for each sequence h 
tending to infinity, there are a subsequence g of h and a function G Z°°(Z^) 
such that 

lim ||V'_g(j)a - a^||,^(ziv) = 0. 

The almost-periodic functions form a C*-subalgebra of /°°(Z^) which we denote 
by ylP(Z^). We further write PF^^(Z^) for the subalgebra of VK(Z^) which 
contains all operators with almost-periodic coefhcients. 
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Proposition 10 Let A £ W'^^(Z^), and let Ah he the limit operator of A 
defined by a sequence oo. Then there is a subsequence g of h such that 



lim \\V^gU)AVg(^j) 



An 



0. 



(13) 



Thus, Ah is a limit operator with respect to norm convergence. The proof 
follows immediately from the definition of the algebra W^-^ {Z^). 

Corollary 11 Let A G W^-^ (Z^), and let Ah be a limit operator of A. Then 



sp (A) = spess (A) and sp {A) = sp (Ah). 



(14) 



Indeed, the first equality follows from Proposition |S1 and the second one is a 
consequence of ((T^ . 

Let r be an iV-tuple of positive integers. A function a on is called r -periodic 
if a{x + r) = a{x) for each x G Z^. The class of all r-periodic functions is 
denoted by Pr(Z^). We further write VF^'-(Z^) for the subalgebra of M^(Z^) 
which consists of all operators with r-periodic coefficients. Evidently, 



Hence, the equalities (|14() hold for operators in W^''{Z^) as well. 
Let r := (ri, . . . , r^) and d :— ri ■ . . . ■ rjy, and write as 



Let { 



ei, 



. , Bat} stand for the standard basis of C^, i.e., the jth entry of ej is 



one, and the other entries are zero. Then the vectors {e^j^ ( 



form a basis of = 
Let 



^JN S j 



-1^1=1, 



We put these vectors into lexicographic order. 



Tr : PiZ^) ^ l\Z^, (^f^i^O) 



be the unitary operator defined by 
{Trf){yi, ...,yN)-= ifiriVi+ji - 1, ... , TNyN+jN - 1)YjI=i'J.'^,3m=i- (15) 

Tj-aTj^^. Clearly, /i(a) is given by the diagonal 

(16) 



■ \\ri.,...,rK 



For a e 1°°{Z^), set fi{a) 
matrix 

(diag(a(ji, jiv;;j, = i,...,j„=i 

with the entries on the main diagonal being in lexicographic order. Further, one 
has 

T^(yi"^..v^")r-i = Aj-"i 

where Aj is the rj x r^-matrix operator 



/ 




V 





-1 



/ 

/ 







\ 



/ 

/ 



(17) 
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Hence, the operator A := ^^^^n UaVa € W^'' {Z'^) acting on Z^(Z^) is unitarily 
equivalent to the operator 



acting on 1^{Z^ , (8)j^iC^ ). Furthermore, the operator A is unitarily equivalent 
to the operator of multiplication by the continuous function a {A) : — > 
(gijLiC^ which maps i = (ti, . . . , tjv) e to 



where 



a{Am := Yl 

c«=(c«ii •••> c«iv) 



M(a„)Ar"Hii) 



/ 1 • \ 
1-0 



A-«-(i;v) (18) 





V*7' 



1 

0/ 



Theorem 12 Let A e MK^'-(Z^) and p G [1, oo]. T/ie operator A : P(Z^) 
/P(Z^) zs invertible if and only if 

deta{A){t)^0 for each t e T'^ . 

Corollary 13 Let A € W^''{Z^) and p G [1, oo]. Then both the spectrum and 
the essential spectrum of A : P(Z^) are independent of p, and 

Spess {A) = sp{A) = yj^^T^N sp {a {A{t))). 

Let finally SPrCZ,^) denote the smallest closed subalgebra of 1°°{'L^) which 
contains the algebras SO{Z^) of the slowly oscillating functions and Pr{Z^) 
of the r-periodic functions. Evidently, SPr{Z^) is a C*-subalgebra of ?°°(Z^). 
We refer to the functions in this algebra as semi-periodic functions. Further, we 
write W^^''{Z^) for the subalgebra of W{Z^) of all operators with coefficients 
in SPriZ^). 

Proposition 14 All limit operators of operators in W^^^{Z^) belong to the 

algebra W^-{Z^). 

Proof. A Cantor diagonal argument shows that it is sufficient to prove the as- 
sertion for diagonal operators in W^^''{Z^), i.e., for operators of multiplication 

by functions in SPr{Z^). Another application of Cantor's diagonal argument 
implies furthermore that it is sufficient to prove the assertion for a dense subset 

of SPr{Z^). 

Thus, let a = X^^Li o.kbk with Ofe G Pr{Z^) and bk G SO{Z^), and let h be 
a sequence tending to infinity. It is easy to see that there is a subsequence I of 
h such that 

y_;(j)afeVJ(j) = ak for all j and k. 
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Further, by what has already been said, there are a subsequence g of / and 
constants 6^ such that 

s-limj^ooVLg(j)6fcyg(j) = 6^/ for each k. 

Thus, s-liinj^oo^-g(j)<i^(j) is equal to := X^^Li ^kb^k which is in Pr{'L^). ■ 

Proposition 15 Let A e W^'^^''(Z^) and p G [1, oo]. T/ien the essential spec- 
trum of A : P(Z^) — »• is independent of p, and 

spess{A)= U U sp{a{Ah{t))). 

3 Schrodinger operators 

The aim of this section is to describe the essential spectrum of discrete Schro- 
dinger operators of the form 

N 

H:=J2iVe,-akI){V.e,-akI) + ^I (19) 
fe=i 

where ej := (0, . . . , 0, 1, . . . , 0) G with the 1 standing at the jth position, 
the Qj are bounded complex- valued functions on Z^, and $ is a bounded real- 
valued function on Z^. The vector a := (ai, oat) can be viewed of as 
the discrete analog of the magnetic potential, whereas $ serves as the discrete 
analog of the electric potential. Clearly, H acts as a self-adjoint operator on the 
Hilbert space P{Z^). 

3.1 Slowly oscillating potentials 

We suppose that the vector potential a = (ai, . . . , gn) and the scalar potential 
4> are slowly oscillating at infinity. Moreover, wc assume that 

lim \aj{x)\ = 1 for each j = 1, . . . , A^. (20) 
Under these assumptions, all limit operators Hg of H are of the form 

N 

= E(^e. - all) (F_e, - 4) + ^ 

k=l 

where the are complex constants and the are real constants given by the 
pointwise limits 

a? = lim ak{x + g{m)) and $^ = lim ^{x + g{m)). 

m— *oo m— >oo 
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Moreover, |a|| = 1. Hence, the limit operators Hg can be written as Schrodinger 
operators of the form 

N 

Hg = ^(2 - alV.,, - -alV,,) + $^7. 
fe=i 

Write as e"^fc with G [0, 27r) and set ip^ = {iff, . . . , V'^)- Consider the 
unitary operator U : P{Z^) defined by 

[Uv){x) e-*<'^''^>w(x). 

Then 

AT 

Hg :^ t/H,C/* = 5^(2/ - V^,, - FeJ + <I>^'/. 

fe=i 

The operator iJg is unitarily equivalent to the operator of muhiphcation by the 
function 

N . 

[0,27r)^^C, (^1, ...,^^)^4^sin2^ + $^ 

fe=i 

thought of as acting on L^(T^). Hence, 

N 



{ ^ 

I fe=i 



sp (Hg) = <{ 4 )J sin^ ^ + (^,9 :^i^(z [q, 27r)| = [$f , $9 + 4iV]. (21) 

Since the set of aU partial limits of a slowly oscillating function is connected 
(see Thorem 2.4.7 in [23 or for instance ^\), formula (|10ll implies 

sPess [H] = U $9 + 4iV] = [m($), M($) + 4iV] (22) 

where the union is taken over all sequences g for which the limit operator Hg 
exists, and where 

r7i($) := liminf $(a;) and Af ($) := limsup$(a;). 

Hence, the essential spectrum of the Schrodinger operator Iji.^jl does not depend 
on slowly oscillating magnetic potentials. 



3.2 Periodic and semi-periodic potentials 

Next we consider the Schrodinger operator H in (|19|l with r-periodic coefficients, 
that is, the as well as the potential $ are r-periodic functions. The unitary 
operator Tr : — > P^E^ , C^) defined by (|15|l induces a unitary equivalence 
between the operator H and the matrix operator 

N 

n := ^(Ae, - /i(afe)) (A_e, - mM) + 

k=l 
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acting on the space , C*). Again, the Ae^ are defined by ((T7|l . and the 

/j,{ak) and are given by H16|l . The operator Ti. on its hand is unitarily 

equivalent to the operator of multiphcation by the Hermitian matrix function 

N 

acting on the space 

L2(tW^ C*). Let Af (t) < . . . < A^(t) denote the eigenvalues 
of the matrix (Ju{t)- The functions t ^ A^(i) are continuous on (see [lUp. 
Since continuous functions map compact connected sets into compact connected 
sets again, the sets 

rf :={A^(i):ieT^} (23) 

are closed subintervals of R. Hence, the spectrum of the periodic Schrddinger 
operator coincides with its essential spectrum, and it can he represented as 
the union of finitely many real intervals. 

Let now _ff be a Schrodinger operator of the form (|19|l with semi-periodic 
coefficients. Thus, the coefficients and the potential $ belong to SPril-^)- 
Then all limit operators of H are operators with r-periodic coefficients. 
Hence, the essential spectrum of H is equal to 

spess m := u U rf 

HaeopiH) fe=l 

with the sets Ff ' defined by (|^ . 

We conclude this section by an example which shows that a Schrodinger op- 
erator with periodic coefficients can have gaps in its spectrum, whereas a slowly 
oscillating perturbation of that operator can close the gaps. More precisely, we 
consider the one-dimensional Schrodinger operator 

H V-i + Vi + {^ + ^)I 

where $ is a 2-periodic real- valued function on Z and 5* belongs to 50 (Z). All 
limit operators of H are of the form 

= V-i + Vi + (4>» + 

where 

$ff(x) = lim $(x -I- g{k)) 

k — ^oo 

is a 2-periodic real-valued function and 

'I'S = lim ^'(a; + g{k)) 

k — ^oo 

is a real constant. It follows from H14(l that 

sp {V-i +Vi + = sp {V-i +Vi + $/). 
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Hence, 

sp (H^) = sp {V-i +Vi+ $/) + 

Let = for a moment. The operator V^i + Vi + <!>/ is unitarily equivalent to 
the operator of multiphcation by the matrix function 




t G T. 



The eigenvalues of A{t) are the solutions of the equation 

- ($(0) + «>(1))A + $(0)$(1) - 7(t) = (24) 

where j{t) := 2 + t + . Let |$(0) - $(1)| > 2. Then ^ has two different 
solutions Ai(<) < A2(t) for every t G T, and Ai, A2 are smooth real- valued 
functions on T. Set rrij := mintgTAj(t) and Mj maxtgTAj(i) for j = 1, 2. 
Then 

sp {V-i + Vi+ $/) = [mi, Ml] U [to2, M2]. 

Thus, in case Mi < 7712, the operator ^-1 + ^1 + $/ has a gap {Mi, 7712) in its 
spectrum. 

Now consider the slowly oscillating perturbation H := V-i + Vi + {^ + 5')/ 
of the operator V_i + Vi + The essential spectrum of the perturbed operator 
H is union of the spectra of its limit operators . It is evident from what has 
been said above that 

sp {H9) = [7771 + Ml + U [7772 + M2 + . 

Since the set of all partial limits of a slowly oscillating function is connected, 
we conclude that 

SPessiH) = IJ [7771 + Ml + U [7772 + *^ M2 + 

Hseop{H) 

= [7771 + 7r7(^'), Ml + M(*)] U [7772 + 777(*), M2 + M(«')], 

where m(^') := liminfj;^oo '^{x) and Af(^') := limsupj.^oQ '^{x). Thus, if 

A/(^') - 777(*) > 7772 ~ Ml, 

then the perturbed operator H has no gaps in its essential spectrum, and 
spess (H) = [mi + m{^), M2 + M(*)] 

in this case. 

3.3 Discrete quantum waveguides 

Here we are going to examine the essential spectrum of the Schrodinger operator 

N 
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under the assumption that the electric potential $ has the form 

where x+, x- and xo are equal to 1 on the intervals (/i2,oo), (— cxd, hi) and 
[/ii, /12] and equal to outside these intervals, respectively, and where $± and 
$0 are function in S'O(Z^). Here, hi < /12 are previously fixed real numbers. 

To describe the essential spectrum of H we consider the limit operators of 
H defined by sequences 5 =(<?', ^tv) : N ^ Z^~^ x Z tending to infinity. We 
have to distinguish between two cases. 

In the first case, we assume that the sequence g = (5', gN) is such that 
gN —>■ ±00. In this case, the limit operators of H are of the form 

N 

i=i 

where the $^ := limj^oo ^±{9{j)) are real numbers. Consequently, 

as mentioned in the previous section. 

In the second case, we assume that g' 00 whereas gN is a constant se- 
quence. Then the limit operators of H are 

N 

Hg = Y,{2~V,^-V^,^) + ^^I (25) 

where the function $^ depends on xjv only. Moreover, this function is piecewise 
constant since 

with real numbers $j_ limj^oo ^±{g{j)) and $q := linij^oo ^o(5(j))- 

The operator H25|l is unitarily equivalent to the operator of multiplication 
by the operator-valued function Hg : T^~^ L{P{1j)) defined by 

N-l 

Hg{t') ^ (2 - t, - tf)I + (2 - V,, - + -^'I 

where t' — (ti, ijv-i)- It is well-known (see ^| EHl: for instance) that 
spectrum of the one-dimensional Jacobi operator 

CI := (2-K„-V^-.„) + <i>^/ 

is the union of its essential spectrum Eg :— [^\, 4 -I- U [<f>^, 4 + <I>^] with a 
finite set {Af , . . . , A^j.^^} of points in the discrete spectrum which are located 



outside Sg. Hence, 



sp{L%) = [$^, 4iV + $^] U[$^, 4iV-f U [Af, 4(iV-l)]. 
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Set 1% := {z 6 : ZAT > 0} and Z^ := Z^ \ Z^, and abbreviate 
"^(<i>±) := liminf $±, Af($±) := limsup $±. 

Then equality pU|l implies that spess (-ff) is equal to 

"»(9) 

[to($_), Af + 4Ar] IJ [m($+), Af ($+) + 4Ar] |J |J [Af , 4(Ar - 1)] 

where A refers to the set of all sequences g — (5', giq) for which g' 00 and 
(7jv is constant. 

3.4 Potentials with an infinite set of discontinuities 

Set A := 2/ — V-i — Vi ^ L(P(Z)). We consider the Schrodinger operator 

H = A + <PI : f{Z) f(Z) 

where the potential $ takes two real values a, b only, but where $ is allowed 
to have an infinite set of jumps. More precisely, let ^{x) = a if x G A and let 
$(x) = 6ifa;eZ\A where 

A UZo {xeZ:j-< \x\ < j+} 
and where the 7^ and j'^ are integers satisfying 

lim -fk = lim Ik = 1™ ilk - Ik) = ilk+i ^ Ik) = (26) 

— >oc k — ^oo k — ^oo k — yoo 

For example, this condition holds if 7^7 := and 7^!" := fc^ + k. 

Theorem 16 Under these assumptions, spess (A + $/) = [a, a + 4] U [6, & + 4]. 

Proof. First we determine all limit operators of the operator $/ with respect 
to sequences g tending to +00. Again, we have to distinguish between several 
possibilities. 

Case a) Let the sequence g +00 satisfy 

lim (7+ - g{k)) = lim {g{k) - %) = +00. 

k — 'oc k — yoo 

Such sequences exist because of 7^ ~ Ik ~* +oo- 

In this case, for every x € Z, there exists a k{x) with x + g{k) e (7^7, 7^^) 
for each k > k{x). Thus, limfc^oo $(x + g(k)) = a for every a; G Z, whence 

s-limfe^ooVlg(fe)$Vg(fc) =a/. 

Case b) Let the sequence g +00 be such that 

1™ hk+i - 9{k)) = lim {g{k) - 7+) = +00. 

k—>-oo k — >oo 
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Such sequences exist because of ^^^i — 7^ ^ +00. 

Under this assumption, for every a; G Z, one finds a k{x) such that x + g{k) G 
(7^, 7^^_i) for each k > k{x). Thus, hnife^oo ^{x + g{k}) — b for every x G Z, 
whence 

s-linH;^oo^-g(fe)$Vg(fe) =bl. 

Case c) Let now g{k) — 7^ — h{k) with a bounded sequence h. Passing to a 
suitable subsequence, one can assume that g{k) — 7^ — h where h is constant. 
If X — h < 0, then limfc^oo ^{x + g{k)) = b, whereas this limit is equal to a in 
case X — h > 0. We denote the characteristic function of the set Z+ := {0} U N 
by X+ and set x- ■= I - X+- Then 

lim + g{k)) = ax+i^ — h) + bx-{x — h), for x G Z, 

k — >oo 

which implies that 

s-limfc^ooVLg(fc)$Fg(fc) = {ax++bx'l)I 
with x±(a;) := X±(2; - h). 

Case d) Let finally g{k) — ~ h{k) where h is, a, bounded sequence. Passing 
to a suitable subsequence one can assume again that g{k) — 7^7 — h where h is 
constant. Now one has limfc_»oo + g{k)) = a for a: — < 0, and this limit is 
equal to b for x — h>Q. Consequently, 

lim (^{x + g{k)) = ax^^{x) + bxX{x), for a; G Z 

/c — >oc 

with x± as above. This shows that 

s-limfe^ooVCg(fc)$K,(fc) = {axt+bxX)I. 

Evidently, every sequence g tending to +00 is subject to one of these four cases. 
Thus, the set of the limit operators of <&/ defined by sequences tending to +00 
is exhausted by the operators a/, 6/, {ax% + bx'l)! and (ax- + ^X+)-f where h 
runs through Z. Similarly one checks that the set of all limit operators of <i>/ 
defined by sequences g tending to — cxd consists exactly of the same operators 
al, bl, {ax\ + bx-)! and {ax'l- + bx\)I- Notice further that the operators 
{axX + bx^)I and {ax^+bx\)I arc unitarily equivalent to the operators (ax^ + 
bx-)l = + bx-)I and {aX- + bx+)I — {aX- + bx+)Ii respectively. 

It is evident that the continuous spectra of the operators A + a/ and A + 6/ 
with constants a, b are the intervals [a, a + 4] and [&, 6+4], respectively, whereas 
both the spectrum of the operator A+{ax+-\-bx-)I and that of A+(ax-+^'X+)-^ 
are equal to [a, a + 4] U [&, 6 + 4] (see ^7], for instance). Hence, the assertion 
follows from Theorem El ■ 

The method of limit operators can be also applied to more involved potentials 
$ of the form 

$ = OXA + 6xz\A (27) 
where XA is the characteristic function of a subset A of Z as before, and where 
a, 5g S'O(Z). 
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Theorem 17 Let ^ be a potential of the form ( |i^7| |. Then 

spess (A + $/) = [m(a), Af (a) + 4] U [m(6), M(6) + 4] (28) 

where m{f) := lhnmix~too f{x) and M{f) :— limsup^^o^ /(a;) for each slowly 
oscillating function f . 

Proof. We proceed as in the proof of the previous theorem to find that all limit 
operators of $/ are unitarily equivalent to one of the operators 

an, bH, {a^x- + Kx+ + b^X-V 

with constants 

af := lim a{g{k)) and b^ := lim b{g{k)). (29) 

Thus, according to Theorems 1 1 61 and [51 

spess (H) = |J([a^ a» + 4] U [6^ b^ + 4]) 

where the union is taken over all sequences g — > oo for which the partial limits 
H29|) of the functions a and b exist. Employing the connectedness of the set of 
all partial limits of a slowly oscillating function, we arrive at identity H28|) . ■ 

3.5 The three-particle problem 

We consider the three-particle Schrodinger operator on P(Z'' x Z"^) 

H := J-(A®/) + -^(/®A) (30) 
2mi 2m2 

+ {Wil) ® / + / ® (14^2^) + W^;^{I ® /) 

which describes the motion on the lattice Z"^ of two particles with coordinates 
x^, x'^ £ 1? with masses mi, around a heavy nuclei located at the point 0. 
In H3()|l we write / for the identity operator on I'^iJ?') and A for the discrete 
Laplacian 

3 

A:=^(2/-y_,^. -K,) 

on i^(Z^) where {ei, 62, 63} stands for the standard basis of 1? . Further, 
Wi, W2, W12 are real- valued functions on with 

lim Wx{z) = lim Wi{z) = lim Wxi{z) = 0, 

z—*oo z — ><yo z—*oo 

and is the function on I? X Z^ defined by 

Wtl^(xr,xi):=Wx2{xx~x-^). 
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Further we abbreviate m := 6/mi + 6/m2. 

In order to describe the essential spectrum of the operator H by means of 
we have to determine the hmit operators of H. Let g = (g^, g^) : N 
1? X Z"^ be a sequence tending to infinity. The examination of the hmit operators 
leads to the consideration of the following situations. 

Case 1) The sequence tends to infinity, whereas g^ is constant. Then the 
limit operator Hg of H is unitarily equivalent to the operator 

H2:=-^{A(»I) + -^{I®A)+I<»{W2l). (31) 
2mi 2ni2 



unitarily equivalent to the operator 



Case 2) li g^ oo and g^ is constant, then the limit operator Hg of H is 



iJi -^(A®/) + -^(/Cg)A) + (M^i/)®/. (32) 
Ami 21712 

Case 3a) Let both g^ ^ oo and g^ — > oo, and assume that also — g^ ^ oo. 
In this case, the associated limit operator of H is the free discrete Hamiltonian 
2^ ( A (g) /) + 2^ (/ (g) A) . The spectrum of this operator is the intervall [0, to] . 

Case 3b) Let again g^ ^ oo and g^ — s- oo, but now let g^ — g^ he a, bounded 
sequence. Then g^ — g^ hac a constant subsequence; so we can assume without 
loss that the sequence 5^ — g^ itself is constant. In this case, the limit operator 
with respect to g is unitarily equivalent to the operator of interaction of the 
particles x^, which is given by 

H12 := -^(A ® /) + -^(/ A) + W^2^{I ® I). (33) 
2toi 2to2 

It follows from Proposition |S1 that the discrete spectra of the operators Hi, H2 
and H12 are empty. Thus, since the spectrum of each operator Hi, H2 and H12 
contains the interval [0, m] with m as above, and due to (|10|l . 

spess (H) = sp {Hi) U sp {H2) U sp {H12). (34) 

To determine the spectrum of H2 , we apply the Fourier transform with respect 
to the first variable. Then H2 becomes unitarily equivalent to the operator of 
multiplication by the operator-valued function 

3 1 1 

T^^L{1\I?)), t^y2—{2-tj-tj')I+—A + W2l. (35) 
— ' 2mi ■' 2to2 



The operator + W2I acting on ^(Z^) has the essential spectrum 

-[0, 12] = [0, 6/TO2] 



2m2 

1 



2m2 
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and a real discrete spectrum {Xl which is located outside the interval 

[0, 6/7712] and which has and 6/7772 as only possible accumulation points. Con- 
sequently, 

00 

sp {H2) = [0, m] y [Af , Af + 6/7772]. (36) 

k=l 

In the same way one obtains 

00 

sp (H,) = [0, m] y [Ai^\ Ai') + 6/7771] (37) 

k=l 

where {a[^^^}^i is the sequence of the points of the discrete spectrum of 2;^^ A-f 
Wil on which are located outside [0, 6/?77i] and which can accumulate 

only at and 12. 

Note that, unlike the continuous case of operators on R^, there is no trans- 
formation of the discrete operator H12 to an operator of the form A ® I + I 
A -I- {W12I) ® I with a multiplication operator W12I on P(Z^). This fact makes 
the spectral theory of discrete operators of interaction much more difficult than 
the corresponding theory for continuous operators of interaction on (see, for 
instance, 01211111). 

We can only give a simple estimate for the location of the spectrum of H12 
which results from the following well-known estimate for the spectrum of a self- 
adjoint operator acting on a Hilbert space (llj, p. 357). 

Proposition 18 Let A be a self-adjoint operator on a Hilbert space. Then 
sp (A) C [a, b] where 

a := inf {Ah, h), 6 := sup {Ah, h). 
Il'i||=i ll'i||=i 

The points a, b belong to the spectrum of A. 

Proposition ^1 implies the following estimates for the spectra of Hi , H2 and 
-ffi2: 



[0, 777] C sp{Hj) C 
for j — 1, 2, and 

[0, 777] C sp{Hi2) C 



inf Wj (x) , sup Wj {x) + 777 



inf Wi2{x), sup W^i2(a;) -I- tti 



In combination with (|34|) , these inclusions yield lower and upper bounds for the 
essential spectrum of H . 

Theorem 19 Let H be the Schrddinger operator ifl^ 077 l'^{I? x I?). Then 
inf spess (-ff ) = mhi I inf WAx), inf W2{x), inf Wuix] 
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sup spessH — max ( sup Wi{x) + m, sup W2{x) + m, sup Wi2{x) + m 
with m := 6/toi + 6/to2. 
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